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Abstract 
We consider t:he delayed feedback control (DFC) 
schanit: for one diincnsional discrete time systems. 
To analyze the stability, we construct a map whose 
fixed points correspond to the periodic orbit,s of the 
syst,t:m to be controlled. Thcn the stability of the 
DFC is equivalent to the stability of t.he correspond- 
ing r:qnilihriiim point of the constructed map. 
K e y  words: Chaos control: delayed feedhack sys- 
tom. Pyagas controller, stability. 
1 In t roduc t ion  
111 recent years, the analysis and control of chaotic 
Ivhviour  i n  dynamical systems has reccived i~ great 
r l m i  of attention among scient,ists from various dis- 
ciplincs S I I C ~  as enginecrs, physicists, biologists, et(:. 
'The dt?vslopmcnt i n  the field of chaos control accel- 
eriit.ed mainly after the seminal paper [l] whtxe the 
term "controlling chaos" was introducr:d. This work 
had a strong influence, especially, on the approach of 
t.he physics community to  the prohlem of controlling 
chaotic systems and is based on variation of certain 
paranieters which has cert,ain effects on the chaotic 
Idiaviour. In such systems usnally many unstable 
pwiodic orbits are cmbedded in their chaotic attrac- 
tors, a . 1 ~ 1  as shown in [ll, by using small cxtcrnd 
feedback input, some of tliese orbits may be stahi- 
lized. 'Therefore, by applying small feedback inputs, 
i t  uiay he possihlc to  force these systems to  behave 
i l l  a regular way. Following the work of [I] ,  various 
rhaus control techniques have been proposed, 121, [3]. 
Among these, the delayed fcedhack control jDFC) 
schemc: first proposed in [4] and is also known as 
Pyragi~s scheme, has gained considerable attention 
due tu it,s varioiis attractive features. In this tech- 
Iiiqne the required control input is hasically the dif- 
ferencc between the current and one period delayed 
states rnultiplied by,a gain. Hence if the system is al- 
ready in the periodic orbit, this term vanishes. Also 
if the trajectories asymptotically approach to  the pe- 
riodic orhit, this term.becomes smaller. For more 
details ai: well as various applications of DFC, see 
[SI, [e] and the references therein. 
Despite its simplicity, a detailed stability analysis of 
DFC is very diflkult, [ 5 ] ,  [7] .  Apparently, DFC has 
some inherent limitations, 17). To overcome these 
limitations, several modifications has been proposcd, 
sec e.g. [XI, [ 5 ] ,  [ f~]  and the references therein. 
In this work, WP consider the delayed feedback con- 
trol (DFC) scheme for one dimensional discrete time 
systems. To analyze th? stability, we construct a 
map whosc fixed points correspond to the periodic 
orhits of the system to be controlled. Then the sta- 
bility of thc DFC is equivalent to the stability of the 
corresponding eqnilibriuni point of the constructed 
map. For mch periodic orbit, we construct a charac- 
teristic polynomial of a related Jacobian matrix. The 
Schur stability o f  this polynomial could be used to  
analyzo thc stability of DFC. By using Schur-Colin 
criterion, we can find bounds on the gain of DFC to 
ensure statiility. 
2 Stability of DFC 
Let us corisidcr the following one dinlensiondl 
discrete-time system 
3.(k + 1) = f ( z ( k ) )  , (1) 
where k = 0,1, .  . . is t,he discrete time index, f : R --, 
R. is an appropriate function, which is assumed to 
be differentiable wherever required. We assume that 
the system given hy (I,) possesses a T periodic orhit 
charact,eriaed by the set ET = (z;,zt;. . , ,z;.-~}, 
i.e. for z(0) = :c;,  the iterates of (1) yields z(1) = 
2; :  . . . ~  z[T.--l) = ~ F - ~ , z ( k )  =z(k-T)fork>T.  
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Let 11s call this orhit as an uncontrolled periodic orbit 
(1JCPO:i for future reference. 
Let, S (I R he a set, and y E R. 
distancr~ d(y, S) hetweeii y and S 8s 
We define the 
d(y ,S )  = min 1 y - t I . (2) 
ZES 
We say that CT is asymptotically stable if for some 
c > 0. for any y E R satisfying d ( y , C ~ )  < 
L, the iterates of (1) with z(0) = y yields 
liinh+m d ( z ( k ) ,  C,) = 0. Moreover we say that CT is 
exponentially stable if this decay is exponential, i.e. 
the following holds for some A4 > 0 and p E (0 , l )  
d(z(k),C3')  5 M P k d ( ? / : C T )  (3) 
To stal?ilize periodic orbits of (l), let us apply a,cori- 
trol inpnt U as : 
Z(k -1 1) = f ( z ( k ) )  + u ( k )  : (4) 
In DFC. the following simple feedback control input 
is nrcd I:o (possihly) stabilize C.r : 
1L(k) = K ( z ( k )  - z ( k  ~ T)) , (5) 
where I< E R is a constant gain to be determined. 
Note that if z(0) E ET, then z(kj t CT for k 2 0 
and ~ ( k )  = 0. Moreover, if Cy is asymptotically 
stabilized, then u ( k )  i 0 as k i 00. In the sequel 
we will derive some conditions and bounds on K for 
the stabilization of periodic orbits. To motivate our 
analysis, consider the case T = 1. In this case we 
have Cf  = {zz} where z; = f(z;), i.e. period 1 
orl)its are the same as fixed points o f f .  By defining 
-I:, (k) = z(k - I ) ,  zg(k) = z(k), we can rewrite (4) 
and (5) a 
q ( k  4- 1) = Z ' ( k )  , ( 6 )  
: ~ ( k  + 1 )  = f ( z z ( k ) )  + K(z:z(k)  -- ~ l ( k ) )  .
Let, us define d = ( z ~  e: R', where here and in 
the sequel the superscript T denotes transpose, and 
(iefinc F : R2 + R' as F(d) = (2:' Y z ) ~  where Y2 == 
f ( : c ' )  + K(zz - 2 1 ) .  For ?* = ( z ~  z;)~, F(?*j = ?* 
holds if and only if z; = z.5 = f(z;). Hence any fixed 
point of F corresponds to an UCPO C1 of (l), and 
vice versa. Hence asymptotic stability of Cl for (4) 
and (5) can be analyzed by studying-the stability of 
the corrt:sponding fixed point of F Ssr (6). To analyze 
t,he latter. let CI == {z;} and a, = D f ( z f ) ,  and 
wherc D stands for the derivative and J is the .Jaco- 
hian of F evaluated at the equilibriiirn point. Clearly 
t.he components of J are givon as 
J ( l . l )  == 0 ,  J ( 1 , Z )  = 1, J ( 2 ,  I) == -k, 5 ( 2 , 2 )  = al+k 
The characteristic polynoniial pl(A) of J can easily 
be found as 
p l ( X )  = det(XI ~ J )  = A' - (al + k ) A  + k , (7) 
We say that a polynomial is Schur stable if all of its 
eigenvalues are inside the unit disc of the complex 
plane, i.e. have magnitude less then unity. Hence, 
the asymptotic stability of the fixed point of F for 
(6 ) ,  hence the asymptotic stability of C1 for (4) and 
(5) could be analyzed by studying the Schur stability 
of pl(X) given by (7). Moreover note that  the expo- 
nential stability of the fixed points of F is equivalent 
t,o Schur stability of pi(A), [Si. Hence we can state 
the following facts : 
Theorem 1 : Let CI = {zz} be an UCPO of (1) 
and set a1 = of(+;) . Then : 
1 : C1 is exponentially stable for (4) and (5) if and 
only if p l ( X )  given by (7) is Schur stable. This condi- 
tion is only sufficient for asymptotic stability of C1. 
2 : If PI(,\) has an unstable root,, i.e. outside the 
unit disc, then E1 ca,nnot he asymptotically stable 
for (4) and (5). 13 
Remark 1 : We note that  Schur stability of a poly- 
nomial can be determined by checking some inequal- 
itie:i in terms of its coefficients; this is known as the 
Jury test, see [lo]. We will apply this test t o  (7) 
later. 0 
To motivate our approach further, let us consider the 
case T = 2. Let the period 2 UCPO of (1) be given 
as Cz = {z&zT} and define ai = D f ( z ; ) ,  a2 = 
of(.;). By defining q ( k )  = z(k - Z), ~ ( k )  = 
z(k ~- I ) ,  z~(k) = z ( k ) ,  we can rewrite (4) and (5) 
as 
Tl(k -t 1) = z z ( k )  , z*(k + 1) = q ( k )  (8) 
3.3(k + 1) = f (%(k))  + K(zs (k )  - Z l ( k ) )  
For ? = (21 z2 ~ 3 ) ~  E R3, let us define G : R3 i R3 
as G(?) = ( 2 2  Yi Y')* where Y I  = 2 3 ,  Y2 = 
f(Y1) + K(Y1 - 2 1 ) .  Note that the fixed points of 
G d.o not eo:orrespond to the UCPO's of (I), but  the 
fixed points of F = G2 does. To see this, note that 
F = (Yl YZ Y J ) ~  where Y3 = f ( Y z )  + K(Y2 - 2'). 
For 2' = (z; zg z;)~, the fixed points of F ,  i.e. 
the solutions of E'(?') = j.*, are given as z; = z i ,  
$5 = f(z;), zz = f(zi)  = f 2 ( z ; ) .  Hence for.any 
UCPO C2 = {z;, z:} of (l), there corresponds 
a fixed point 1' = (z; z; ~ ; 1 ) ~  of F and vice 
versa. Hence the asymptotic stability of C2 for (4) 
and (5) is equivalent to the asymptotic stability of 
t,he corresponding fixed point of F for the system 
i(k + 1) = F ( i ( k ) ) .  To analyze the latter, let us 
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ddiile tlic Jacohian or F at  equilibrium as After straightforward calculations, the entries of J 
are found as hllows : For i = 1,. . . ,m  + 1, j = 
1, . . . ~ m wc have ai; .I = - /cz 
8z 
The entries of J can be calculated as 
After abriiight.forward calculations, wc obtain For j = m t 1,  we have 
,J(L I )  = ./(1,2) = .1(2,2) = 0 
. J ( Z ,  I )  =~: - K  , .1(2,3) = U1 + K 
J ( 3 ;  I )  --K(a2 t I C )  , J(3,Z) = --K (11) 
, . / (1,3) == 1 . J ( l , n +  1) = 1 , 
~ ( i , m  t I.) = IIii:(ai + K )  , i = 2 ; .  . . , m + 1 
. .  . .  
/(3,3j  =; ( u I  i k ) ( a z ' + , K )  
Clearly the characteristic polynomial P,~(X) of J has 
the following. form : The charackristic polynomial pz(X) of J can he cd-  
Cnlat,Ed as ': 
p ,~~ (X)=Xm+ '+c_X" '+ . . ,+C IX+CO . (12) 
pz(X) =: det(XI-- J )  =A:' - (a1 +K)(az  + IC)X2 
-t K((a1  f K )  + (U1 -I-K))X - K2 . : 
(9) Theorem 2 : The coefficients in (12) can be found , .  
Hcnce for the stahilitv of C7 for (4) and (5). we can as follows : (for 1 < 1 < 7n) - . ,  ~ I .  
sthidy ltl~e Scliur stability of p2(X) given above. We 
m 
C" = -(-1)"K" , = - n ( a i  + K )  , (13) will consider the Schur stability of p g ( X j  for soinc 
mses i l l  the six1uel. z - 1  
Now Ict us proceed to the gcneral case 'I' = m i .  As- 
sumc that (1) ha7 an in periodic [JCPO given by 
C,, -= { r ; , z ; , .  , . ,z;,>-~] and define a1 = of(.;), 
my = D f ( z T ) ,  . . ., a,7, = D f ( z f . . l ) .  In this case, 
hy defining :zl(k) = z ( k  - m) ,  z 2 ( k )  I= r(k -- n i  + 
( n r  :ra . . .  n.,7,+1)7' E R""', a,nd Y2 = { ( : c ~ ~ . + ~ )   
I<~(Z~,~. ,~J  -. zi), we can transform (4), (5) into the 
form d(k  i~. I) = G ( i ( k ) )  where G : Rmci + R"I+' 
is defined as G ( i j  = ( 2 2  z3 . . . z m + ~  Y2)T. As he- 
h e ,  the UCPO r,,, does not correspond to a fixed 
point. of G', but it corresponds t.o a fixed point of 
F =: C"'. To sce this, note that 
I), . . . ,  z , . ( k )  = z ( k  - l),  Z,+l(k) = z ( k ) ,  i = 
P(d) = (Y1 Y2 . . . K,,+1)7' 
where YI = z,,~,~, , Y,+I = f (Y ; ) i - I<(K  --:L~) , i = 
1:2,. . . , ni . , , z;,,.~)'~, the 
l i xd  point,s of E', i.e. the solutions of F ( i * )  = ?*, 
tire given as :cf = Y? / /  i = 1 ,711.i-1, which in turn 
iniplit!~ 2:; = z3 =: {(z;), = f(r;), j = 
I: . . . ,7n. Heiice the asymptotic stability of for 
('1) and ( 5 )  is equivalent t,o the asymptotic stability 
ol: thc corresponding fixed point of F Cor the systeni 
ilefiiie thc Jacobian of F at the eqnilibrium as 
. For f:' = (:E? R:Z ** 
? ( k  + 1) = F ( z ( ~ ) ) .  'ro andyze the latter, let US 
BF 
.J = - IZ,,~ 
83: 
2 # i l , .  . . , i i  
Proof : By using standard determinant formulas, 
after lengthy but straightforward calculations, col- 
lecting the coefficients of A i ,  we obtain (13),'(14). 
n 
Remark 2 : Note that for m = 1 and m = 2, pnL(X) 
given by (12)-(14) reduces to  (7) and (Q), respec- 
tively. 0 
Now we can statc our main results as follows. 
Theorem 3 : Let an m period UCPO of (1) he 
given by E,, = (r; ,  z;, . . . , zZa-,} aid define al = 
Df(zi;), a2 = D f ( z ; ) ,  . .., a,, = D ~ ( Z ; , - ~ ) .  Then 
1 : C,, is exponentially stable for (4) and (5) if and 
only ifp,,(X) given by (12)-(14) is Schnr stable. This 
conditioii is only sufficient for asymptotic stability of 
cn, 
The eiitries of .I can be calculat.ed as 2 : If pmL(X) has a t  l e s t  one unstable root, i.e. mag- 
au, nitude strictly greater than unity, then C, cannot 
oxj  '?.' he stabilized by (4) and (5). Hence the proposed . / ( i . j ) = - / > :  z , j = 1 ,  . . . ,  ? n + I  . 
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method to  test stability is not conclusive only if some 
roots 0 1  p n L ( X )  are on the unit disc, i.e. Lave unit 
magnitude, while the rest of t,hc roots are strictly 
inside the unit disc. 0 
Remark  3 : We note that the Schur stability of a 
polynomial can he checked by applying the so called 
Schur-Cohn criterion, or equivalently the Jnry test 
t,u the polynomial, see [IO]. This test; gives some 
nt:cessary and sufficient, conditions on the coefficients 
of the polynomial. These conditions are in the form 
of it finite set of inequalities, hence could be checkcd 
wsily. In our case, once the ternis a, ‘we known, 
tlicse ccdi t ions become some inequalities in terms 
of some polynomials of K .  By finding the roots of 
these polynomials, we could determine the intervals 
nf K for which Schur stability holds. We will show 
some examples in the sequel. 0 
At this point, we can state the following simple nec- 
es::ary condition for the stability of DFC 
Theorem 4 : Let an ni period UCPO of ( I )  he 
will. result in the expoiient,ial stabilization of the 
corresponding UCPO. When K > 1 or K < 
-(I +al ) / ;? ,  a t  least one root of pl(X) is unstable, 
hence the corresponding UCPO cannot be stable. 
For K = 1 or K = -(1 + a1) /2 ,  stability cannot 
he deduced by using our approach. 
To elaborate further, let us consider the logistic equa- 
tion 
f(z) = p ( 1 -  2 )  
For p = 3.75, this map has one truly period 2 
UCPO C z  = {zi;..;} given by 2;; = 0.884994, I; = 
0.381672. The fixed points zn = 0, 28 == 1 - l/fi 
alsii induce period 2 orbits CzA = {z~,z,q} and 
C Z I ~  = {IB,ZU}. However, one can easily show that 
t,he condition (15) holds for these orbits, and hence 
they cannot be stabilized by DFC. For CZ, note that 
ai = I.L - 2px; = -2.8874, az = p - 2px; = 0.8874. 
The coefficients nf pp(X) are given by (9) as c:, = 
- - ( (L i  + K)(az + K ) ,  CI = K((ai + K )  + (a2 + K ) ) ,  
CO := -K2. From the Jury test, p z ( X )  is Schur stable 
if and only if . .  
given h:i E,, = {I;;, zy,. . . ,z>.. , }  and define ai = 
D / ( I . ; ) .  a2 = D f ( z ; ) ,  . . ., a,,, = D.~(:C; , -~) .  If the 
Inilowing holds 
i : 1 cl - cOcz /< 1 - c: , 
see [lo], p. 180-183. These inequalities are qnivalent 
to the foollowine : 
I co + q I< 1 + c1 , ii : 
1 + 2.5625 > 0 
~ I I C I J  C,,, cannot he stabilized by DFC. 4K2 - 4K - 1.5625 > 0 
2K4 -- 2K“ -- 4.5625K2 -t 2K - 1 c 0 
2K3 -1 4.5625K2 - 2K - 1 < 0 Proof : Note 1:llat one necessary condition for Schur 
stability of pm(X) for any m is that p(1.) > 0, see [IO]. 
Ttiisre.iiltsinp,(l) = l + ~ , - t  . . . +  c - t ~  > O . By 
wing ( l S ) ,  (14), this condition reduces to  (1.5). 0 Clearly the sign conditions given above can be con- 
verted into some bounds on IC once the rook of these 
~~~~~k : colldition gives an inherent limi- polynomials are found. By finding these roots, we 
tation of DFC in tho sel,Se that it holds, DFC conclude that Cp c m  he exponentially stabilized if 
cannot :;tabilize the corresponding E,. We note that < -0.30039. Note that the 
limitations in ternls of some Floquet multi. precision of these bounds are related to the precision 
We performed a numerical simulation for this case 
with K = -0.305. Since the stabilizatioii is only 
locd, the DFC will work when the actual orbit of 
only if -0.3102 < 
httve [,eeu given in the litmrature, see 171, in nbta.ining the related polynomials and their roots. 
[13]: \I?.]. El 
(1) is sufficiently close to Ca.  To evaluate the exitct, 
domain of attraction for Cp is very difficult, but by 3 Applicat ions and Simulat ions 
extensive numerical simulations we find that when 
Kow we will consider some specisd cases. Fur m = 1, 
i i l (X) given by (7) is Schiir stable if and only if d ( i )  = { - d ( I ( i  - j ) ,  C,)Z < 0.09 , 
3 =U i :  l - ~ a J > O ,  i i :  l + a 1 + 2 K > O ,  i i i :  K < 1 ,  
st:c [lo]. Clearly these inequalities are satisfied if and 
cllliy i f  
apparently the orbit is in the domain of attraction 
(note that the systeni is actually has dinlension 3, 
see (8)). By using this idea, we simulated (4) and 
-3<121<1 , ( 5 )  with the following choice of input : 
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/ 1  Ihe results of the simulation (with / I  = 3.75, K = 
-0.305, z(0) = 0.7) are shown in Figures 1 m d  2. 
For tl!is particular simulat.ion, the trajectories en- 
tkred into the domain of attraction of & a t  the it- 
eration k = 36, and we plotted u j k )  and d ( z ( k ) , & )  
versus k for k 2 36 in Figures 1 and 2, respectively. 
As can be seen, the decay of solutions to Cz is expo- 
nential, and that the required input U is sufficiently 
small and decays to  zero exponentially as well. A 
similar analysis shows that for p = 3.76, the stabi- 
lizat,ion is possible when -0.3090 < K < -0.3089, 
;tnd is not possible for p 2 3.77. Hence we conclude 
t,hat, there exists a critical value 3.76 5 p* <: 3.77 
snch that DFC can be used for the stabilization'of 
period 2 orbits for p 5 p*> and cannot be used for 
/ I  > /L* 
'li) elahoratc further consider the case m = 3. Let the 
UCI?O be given as C3 = {z;, z;, z;}, and define ai = 
D ~ ( Z ; . . ~ ) ,  i == 1,2 ,3 .  The characteriscic polyriomial 
p:g(X) given by (12) has the coefficients cg = --(U] + 
K ) ( u ~ ~ ~ K ) ( o , : ~ + K ) ,  cz K((a i  +.K)(az+K)+(ai+ 
K ) ( Q  + IC) -1 ( U 2  i- K ) ( Q  + K ) ) ,  Cl = -K2 ((a1 + 
K )  + ( a 2  + K )  t- (as + K ) ) ,  CO = K 3 .  According to 
the Jury test, p3(X) is Schur stable if and only if 
i : I c U l < l  , i i : / c l i - c : , I < l - k r ~ + c 2  ,
iri : I cz(l ~ cg) + cg(1 - c:) ~t c3 (C"Q -'cl) I<  
2 r4c2(1 -CO) + ( 1  - co) + ci(cqc3 ~- c1) 
sec [1.0], pp. 180.183. As an example, con- 
sider tlrc logistic map with / I  = 3.87. In this 
case, the logistic map has two true period 3 orbits 
given by & +  = {0.176S,0.5632,0.9520} and CB- = 
{0.4643,0.9625,0.1394}. The fixed points ZA = 0 
and 7 : ~  = 1 -- l / p  also induce period 3 orbits in the 
form C ~ A  = . ( z ~ , z n , z ~ }  and C ~ R  = {z~,z~,z~}. 
One can easily show that the condition (15) holds for 
&+ and & A ,  and hence these orbits cannot be stabi- 
lized hy DFC. For C S B ;  one can show that the Jury 
test, i.e. the inequalities Z-iii given above, cannot 
be sirnultaneously satisfied for any K ,  hence DFC 
cannot he used for the stabilization EBB as well. 
For CS-, by evaluating these inequalities, one can 
show that DFC can be used for stabilization when 
4 . 1 0 0 8  < K < -0.087. We pcirformed a numerital 
sinnilation for this case wit,h K = -0.095. To evalu- 
ate the domain of attraction for C s - ,  we performed 
various simulations, and it appears that  when 
d ( i )  = F G z ; , <  j=" 
apparently the orhit is in the domain of attraction 
(no1.e bhat the system is actually has dinlension 4) 
.By using this idea, as in the previous simulation, we 
simulated (4) and (5) with the following choice of 
input 
K ( z ( k )  - z(k  - 3 ) )  d ( i )  < 0.03 
d ( i )  2 0.03 u ( k )  = 
(17) 
The results of the simulation (with p = 3.87, K = 
-0.095, z(0) = 0.7) are shown in Figures 3 and 4. 
For this particular simulation, the trajectories en- 
tered into the domain of attraction of Cg- at the iter- 
ation k = 531, and we plotted ~ ( k )  and d ( z ( k ) ,  &) 
versus IC for k 2 531 in Figures 3 and 4, respec- 
tively. As can be seen, the decay of solutions to  Cy- 
is exponential, and that the required input U is suf- 
ficiently srnall and decays to zero exponentially as 
well. A similar analysis shows that DFC cannot be 
used for stabilization of period 3 orbits for p 2 3.88. 
Hence we conclude that there exists a critical.value 
3.87 5 p' < 3.88 such that DFC can be used for 
the stabilization of period 3 orbits for p 5 p', a i d  
cannot be used for p > p' .  Clearly, this procedure 
can be extended to arbitrary period TIL. 
4 Conclusion 
In conclusion, we analyzed the stability of DFC for 
a chaotic system. We first constructed a map whose 
fixed points correspond to the periodic orbits of t,he 
uncontrolled chaotic system. Then the stability of 
DFC for the original chaotic system is equivalent to 
the stability of the corresponding fixed point of the 
constructed map. We derive the form of the char- 
acteristic polynomial of the Jacobian matrix of this 
map at the desired fixed point. Then the stability 
problem of DFC reduces to determine the Schur sta- 
bility of the associated characteristic polynomial. By 
applying Jury test, we can determine the bounds on 
the gain of DFC to ensure the stability. The pre- 
sented method could be generalized to  higher dimen- 
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Figure 2: Stabilization of C?, d ( ~ ( k ) , C g ) ,  plotted for 
I ;  > 36 
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Figure 4: Slabilization of Cs, d(z(k),&), plotted for 
I ;  > 531 
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